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EntangledPolymers: From UniversalAspectsto Structur e
Property Relations

Kurt Kr emer

Max-Planck-Institutfür Polymerforschung,
55021Mainz,Germany

E-mail: kremer@mpip-mainz.mpg.de

Simulationsareveryversatiletoolsto studytherelaxationsanddynamicsof polymermeltsand
networks.Thefactthatpolymerchainscannotpassthrougheachotherposesspecialdif�culties
for analytic theories,while on the otherhandmany experimentsaredominatedby this fact.
Thepaperdiscussessomebasicconceptsandconditionsandwaysto studysuchproblemsby
computersimulations.

1 Intr oduction

In the previous lecturesof this schoolthe basicconceptsto describepolymer melts or
densesolutionswere introducedand discussed(cf. chaptersby J. Baschnagelet al, B.
Dünweg and W. Paul). Among othersrandomwalks, excludedvolume screening,the
Rousemodelaswell asthereptationconcepthave beenincluded.In thepresentchapterI
mainlyfocusontheconsequencesof thefactthatchainscannotpassthroughbut only along
eachother, which eventually leadsto the reptationor tubemodel. To discussthis I will
shortlyreview thebackgroundcomingfrom theRousemodelandthendiscusssimilarities
betweenpolymer melts and networks, as they are observed experimentallyand as they
canbe studiedin differentdetailsin a simulation. Sincemostof the informationgained
by simulationis complementaryto typical (scattering)experimentsan altogetherrather
coherentpicturehasemergedover themany yearsof research1–3.

Densepolymersystemssuchasmelts,glasses,andcrosslinkedmeltsor solutions(net-
workssuchasrubberandgels)areverycomplex materials.Besidesthelocal chemicalin-
teractionsanddensitycorrelations,which arecommonto all disorderedliquids andsolids
the global chainconformationsandthe chainconnectivity play a decisive role for many
physicalproperties.Local interactionsdeterminetheliquid structureon thescaleof a few
	A or atmostafew nm. Thisquestionhasbeenexaminedin detailby thecontributionof W.
Paul,wheresimulationsof atomisticallydetailedmeltsarediscussed.Whenwelook at the
dynamicsof a polymerchainin sucha melt local interactionsdeterminethepackingand
thebeadfriction but not thegenericproperties4. It is themainfocusof thepresentcontri-
bution to discussgenericaspectscommonto all polymersandthenlaterongo backto the
questionto what extent chemistryspeci�c aspectsplay a role or make a difference.The
consequencesof thelatterarealsotermedasstructurepropertyrelations(SPR)in applied
research5,6.

To stick to simplesituationswe considerpolymermeltsor networkswherethechains
areall identical.They canbecharacterizedby anoverallparticledensity� andanumberof
monomersN perchain.As shown in previouschapters,theoverallextensionof thechains
is well characterizedby thepropertiesof randomwalks7–9. With ` beingtheaveragebond
lengthwe thenhave (for N >> 1) for themeansquareendto enddistance
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hR2(N )i = `K `(N � I ) � `K `N (1)

andhR2
G (N )i = 1

6 hR2(N )i for the radiusof gyrationrespectively. `K is the Kuhn
lengthandameasurefor thestiffnessof thechain.Thisgivesanaveragevolumeperchain
of

V / hR2(N )i 3=2 � N 3=2 (2)

leadingto a vanishingself densityof the chainsin a melt. In order to pack beads
to themonomerdensity� , 0(N 1=2) otherchainssharethevolumeof thevery samechain.
Theseotherchainseffectively screenthelongrangeexcludedvolumeinteraction,sincethe
individualmonomercannotdistinguish,whetheranon-bondedneighbormonomerbelongs
to the samechainor not. This generalpropertyis �rmly establishedby experimentand
many simulations10.

On very largescalespolymersdiffuseasa wholeandthemotion is well describedby
standarddiffusion. However over distancesup to the orderof the chainsize,the motion
of a polymerchainis morecomplex, eventhoughhydrodynamicinteractionsarescreened
and do not play a role. A detaileddiscussionof hydrodynamiceffects is given by B.
Dünweg in this school. The randommotion of a monomeris constrainedby the chain
connectivity andtheinteractionwith othermonomers.To averygood�rst approximation,
theotherchainscanbeviewedasproviding a viscousbackgroundanda heatbath. This
certainlyis a drasticoversimpli�cation,which ignoresall correlationsdueto thestructure
of the surrounding.The advantageof this simpli�cation is that the Langevin dynamics
of a singlechainof point massesconnectedby harmonicspringscanbesolvedexactly1.
This was�rst donein a seminalpaperby Rouse11 andaboutthe sametime in a similar
fashionby Bueche12. In this model,which is commonlyreferredto astheRousemodel,
the diffusion constantof the chainD � N � 1, the longestrelaxationtime � d � N 2 and
the viscosity � � N . This describesthe dynamicsof a melt of relatively shortchains,
meaninge.g.M � 20 000for polystyrene[PS] or M � 2000for polyethylene[PE], both
qualitatively andquantitatively almostperfectly, thoughthereasonis notwell understood.
Only recentlysomedeviationshave beenobserved13. The effectsare rathersubtleand
wouldrequireadetaileddiscussionbeyondthescopeof this lecture.For longerchains,the
motionof thechainsareobservedto besigni�cantly slower. Experimentsshow adramatic
decreasein thediffusionconstant,D � N � 2:414, andanincreasein theviscositytowards
� � N 3:41. The time-dependentmodulusG(t) exhibits a solid or rubber-like plateauat
intermediatetimesbeforedecayingcompletely. Sincethepropertiesfor all systemsstart
to changein thesameway at a chemistry-andtemperature-dependentchainlengthN e or
molecularweight M e, oneis led to the ideathat this canonly originatefrom properties
commonto all chains,namelythe chainconnectivity andthe fact that the chainscannot
passthrougheachother. This is whatI amgoingto discussin thesubsequentchapters.

2 Polymer Dynamicsand Network Elasticity

The plateaumodulusG(t) canbe derived from the restoringforce of a polymermelt or
network aftera stepstrain. Experimentallyusuallyanoscillatoryshearis applied. What
one�nds thenis illustratedin Fig. (1).
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Figure1. Cartoonof the characteristicstructureandresponseof a polymermelt (top) anda polymernetwork
(bottom)aftera stepstrain. For shortchains(lengthN1) the restoringforcedecaysto zerovery fast,while for
thelongeroneswith increasinglengthN, asindicated,a plateauin thetime dependentmodulusoccurs,which is
independentN

After a drasticfastinitial decay, if thechainsarelongenough,themodulusG(t) stays
almostconstantat a valueGo

N for a long time until G(t) eventuallydecaysto zero.Many
relatedexperimental�ndings canbefoundin Ferry'sbookfrom 198015. Fig. (1) illustrates
the similaritiesbetweencross-linked melts(rubber)andnon-cross-linked melts. In both
casesthe valueof the plateaumoduluseventuallybecomesindependentof N , which is
eitherthechainlengthof themelt or theaveragestrandlengthbetweentwo cross-links,if
only N is largeenough.Thesesimilaritiesleadto thefamousreptationor tubeconceptby
Edwards16 anddeGennes17.

Edwards in his work on cross-linked networks introducedthe conceptof obstacles
createdby theotherchains,resultingin a “tube” in which themonomersmove. Fig. (2)
shows a “historical” sketchof thedevelopmentof this concept.First considera network.
The �gure shows onestrandof the network in the centermarked by a thick line anda
rathercrudesketch of the surrounding. Edwardsdiscussedhow the black centerchain
couldmove aroundsubjectto obstaclescreatedby all theotherchainswhich in this case
arepartof thenetwork. He notedthatdueto thetopologicalconstraintsthechainis much
morelocalizedthanexpectedjustby thefactthatthetwo endsareconnectedto across-link.
All loopsandtheir links in thesystemareconserved;they causethestrandto beessentially
con�ned to a tube-like region (Fig. (2), middlepart). This hypotheticaltube,built by all
the otherchains,follows the coarse-grainedconformationof the chain. The lengthscale
of this coarsegrainingis calledtheentanglementlengthN e anda sphereof thediameter
dT of the tube typically containsd1=�

T = Ne monomers,where� = 1/2 is the random
walk exponent.Within this picturethestrandcanperforma quasione-dimensionalRouse
relaxationalongthattube.Later, deGennesrealizedthatthemotionandspatial�uctuations
of longchainsin meltsshouldbegovernedby thesamemechanism(Fig. (2), lowerpart).
Whenthechainsarevery long, mostof themonomersarefar from thechainend. Then,
on intermediatetime scales,thesemonomersdo not realizethat the endsarefree. Since
the densityof chainendsis very small, O(�=N ), the topologyof the surroundingdoes
not changesigni�cantly on theseintermediatetime scalesanda chaincanonly diffuseby
reptatingout of its original tube. This givesD � N � 2; � d � N 3 aswell asa plateau
modulusat intermediatetime scales.Consideringthesimplicity of theconcept,themodel
describesmany experimental�ndings remarkablywell. However, in spiteof its successes,
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severalopenquestionsremain,includinghow to formulatethereptationconceptonamore
fundamentalbasis.

Figure 2. Sketch of the historical developmentof the tube constraintand reptationconcept. Startingfrom a
network Edwardsin 1967de�ned the con�nementto the tube,while deGennesin 1971realizedthat for long
chainstheendsonly playasmallrole for intermediatetimes.

A quantitative structurebasedmodelor theoryof whatanentanglementreally is, re-
mainedlargely unsettleduntil somevery recentprogress18–20. Also the discrepancy be-
tweentheobservedviscosityof � / N 3:4 andthepredictedpower law � / N 3 by now is
safelyattributedto a very slow crossover towardstheasymptoticregime2. This is a little
differentfor thediffusionof constantD , wherethemostcompleteandcarefulcollectionof
data�nds D / N � 2:4 insteadof N � 2. Hereit is notyetsettledwhetherthis is the“same”
crossovereffect21 or whetherthis is mostlydueto thesocalledcorrelationholea effect. A
detaileddiscussionhowever is beyondthescopeof thepresentcontribution.

Therehave also beena variety of nonreptation/tubephenomenologicalapproaches,
which only treatthe interactionsbetweenthechainseitherin anaveragedmean�eld ap-
proximationor developa memoryfunctionformalism.Thoughthey canreproduceexper-
imentaldatato somedegree,they fail whenit comesto the microscopicmotionsof the
polymersandthecon�nementdueto thesurroundingstrands.HereI do not discussthese
approachesany further. Rathercomprehensive reviews aregivenby McLeish2 andon the
simulationaspectsby KremerandGrest3(and referencestherein). In a similar way our
understandingof networkshasimprovedover thelastyears.It hasbeenknown for a long
time,especiallyalsodueto simulations,thatthenoncrossabilityof thechainsplaysanim-
portantrole for theelasticityandrelatedphenomena.Experimentson networkswith the

a The correlationhole is de�ned by the self densityof the chain in the melt. The density� = � (r )other +
� self (r ) with � self ' N=R3 / N � 1=2 . Viewing thechainsasvery soft spheresthesesphereslike in a liquid
of ordinarysphereshave to leave their cagewhendiffusing around.This leadsto a backjump correlationand
slowsdown thediffusionbeyondthein�uence of themicroscopicbeadfriction. Notethatthecenterof gravity of
achainnotnecessarilyhasto move in orderto relaxtheoverall chainconformation.
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sameaveragestrandlengthbut cross-linkedatdifferentinitial concentrationsdirectlyprove
this point. However, whenit comesto the questionof identifying the differentcontribu-
tions(cross-linksandentanglements)still conceptualproblemsexist. Also, thecomparison
of scatteringexperimentsto theory/simulationonly very recentlymadesomesigni�cant
progress.Therethe relaxationphenomenaareonly partially thesameasfor melts,since
thecross-linksat thechainendsintroduceboundaryconditionsfor thetubecontourwhich
donotexist for uncross-linkedmelts22,23.

From the above it is clear that computersimulationscanbe a very versatiletool to
investigate suchproblems,sincethey offer the uniqueopportunity to have full control
over the chainconformationswhile simultaneouslytypical experimentalobservablescan
be “measured”.ThoughCPU time intensive, simulationshave playedan importantrole
over theyearsandwill continueto doso.

Experimentalquantitiessuchasthe viscosity, diffusion constantandmodulusdo not
directly probethe microscopicmotion of monomerson the chain. In contrastneutron
spin-echoscatteringcoverstheappropriatelengthscales,but thetime rangeis ratherlim-
ited. Pulsedlarge�eld gradientspin-echoNMR is ableto addresstheappropriatetimeand
distancescalesaswell. However, an experimenttypically probesoneaspectonly. Also
samplesarenever really idealandonemuste.g. dealwith polydispersityeffects.Simula-
tionsdonotsuffer from suchproblemsandcannow beperformedonmeltsof chainsof 15
- 20Ne, answeringanumberof unsolvedquestions.

3 Theoretical Concepts

TheRouseandreptationmodelsarealsoshortlydiscussedin thecontributionsby W. Paul,
J.Baschnagel,andB. Dünweg. I now �rst review somemoreof thebackground,restricting
myself mostly to quantitieswhich canbe investigateddirectly by simulation. In a melt
of homopolymers,the excludedvolume interactionis effectively screened.Thereis no
tendency for achainto swellbeyondtheidealrandom-walk dimension.Only theprefactor,
or morepreciselytheKuhn lengthlK (`K = `c1 in Flory's terminology24), is governed
by thelocalmonomer-monomerinteractions.

3.1 UnentangledChains - RouseRegime

In theRousemodel,all thecomplicatedinteractionsareabsorbedinto amonomericfriction
anda couplingto a heatbath. It wasoriginally proposedto modelan isolatedchain in
solution,thoughit actuallyworksverywell for shortchainsin amelt. Forchainsin solution
we refer to the chapterby Dünweg in this volume. Here I follow essentiallythe book
of Doi andEdwards1 anda recentreview by McLeish2. The polymer is modelledasa
freely jointed chainof N beadsconnectedby N - 1 springs,immersedin a Newtonian
continuum. Hydrodynamicinteractionsareneglected. Eachbeadexperiencesa friction,
with friction coef�cient � . The beadsare connectedby a Hookeanspringwith a force
constantk = 3kB T=b2, whereb2 = `` K . Eachbead-springunit is intendedto modela
subchainof the real molecule,not a monomer. The equationof motion of the beadsis
givenby aLangevin equation.For monomeri (i 6= 1; N ) it reads,

� _r i = k(2r i � r i � 1 � r i +1 ) + f i (3)
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Usually the model is solved for a ring with no free ends. If the chainendsarefree,
asfor all linear chains,the �rst andthe last monomerhave to be treateddifferently. For
i = 1, the �rst termon the right handsideis � k(r 1 � r 2) andsimilarly for i = N . The
distributionof randomforcesf i is Gaussianwith zeromeanandthesecondmoment:

hf i (t) � f j (t0)i = 6� kB T� ij � (t � t0): (4)

Note that this model doesnot containany speci�c interactionsbetweenmonomers
exceptthosedueto thechainconnectivity. Sincein a melt, the long-rangehydrodynamic
interactionsarescreened,it wassuggestedthat this modelcould describethe motion of
thosechains,exceptthat� arisesfrom otherchainsratherthanthesolvent.

The Rousemodelcanbe solved by transformingto normalcoordinatesX p(t) of the
chain.For adiscretemonomerchainthesearegivenby5

X p(t) =
1

N � 1

N � 1X

i =1

r i (t)cos
p� (i + 1=2)

N � 1
(5)

andp = 0, 1, 2, : : :, N - 1. Equation(3) canberewrittenas

� p _X p = kpX p + fp (6)

where� 0 = N � and� p = 2N � for p � 1 and

kp = 8N ksin 2 p�
2(N � 1)

� (7)

For smallp=N , onerecoverstheusualresult

kp = 2� 2k2
p=N =

6� 2kB T
N `` K

p2 (8)

with N b2 = hR2i . Sincetherandomforcesfp arenotcorrelated,theX p decoupleand
themotionof thepolymercanbedecomposedinto independentmodes.

For chainsin a melt, the Rousemodesareeigenmodesof the chains. This hasbeen
veri�ed by MD for meltsof shortchains. The time correlationfunctionsof the normal
modes,p � 1, are

Rp(t) =
< X p(t) � X p(0) >

< X 2
p (0) >

= exp(� t=� p); � p =
� (`` K )2N N
3� 2kB Tp2 ; (9)

wherewe have usedthesmallp=N approximationfor kp. Thelongestrelaxationtime
is � R = � 1 � N 2. For longchainsin a melt, this equationis expectedto only describethe
relaxationof high p modeswith N=p � Ne. Therelaxationmodulusof themelt is given
by

G(t) =
�k bT

N

X

p

Rp(2t): (10)
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where� is themonomerdensity. This assumesthatthesinglechainRousemodescan
be taken as eigenmodesof the whole melt. This certainly is an assumption,as brie�y
discussedin theintroduction.For theRousemodelthisgives

G(t) =
pK B T

N

X

P

exp(� 2tp2=�R ) (11)

andtheviscosity� reads

� =
Z 1

0
G(t)dt =

�k B T
2N

X

p

� p =
� 2�k B T

12N
� R =

��
36

< R2 > � N � (12)

Theself-diffusionconstantD canbedeterminedfrom themean-squaredisplacement
of X 0 = r cm , thecenter-of massof thechain,

g3(t) = < (r cm (t) � r cm (0))2 > (13)

Within the Rousemodelg3(t) � t for all timesandthe diffusion constantD(N ) =
l im t !1 g3(t)=6t is expectedto reachtheasymptoticvalue

D =
kB T
N �

(14)

for relatively short times. In simulationsoften the mean-squaredisplacementof a
monomerg1(t) asa functionof time t

g1(t) =
1
N

NX

i

= 1h[r i (t) � r i (0)]2i : (15)

is studied.Usingthefactthatthechainstructureis thatof a randomwalk, it is easyto
show that

g1(t) �

8
<

:

t1; t < � 0; g1(t) < `` K

t1=2; � 0 < t < � R ; g1(t) . hR2i
t1; t > � R ; g1(t) & hR2i

(16)

For very short times, when a monomerhasmoved lessthan its own diameter, it is
affectedlittle by its neighborsalongthechain.This shorttime regime,t < � 0 is governed
by the local chemical/modelpropertiesof thechains.Within theworm-like chainmodel
in which the chain is a continuous�e xible path, � 0 is zero. For intermediatetimes, the
motionof amonomeris sloweddown becauseit is connectedto othermonomers.Thiscan
beviewedasthediffusionof aparticlewith increasingdistancedependentmass.Theactual
massat time t is just thenumberof monomerswithin a sphereof diameter

p
g1(t). This

continuesuntil thechainhasmovedadistancecomparableto its sizehR2i 1=2. After thatis
observedfreediffusionwith a diffusioncoef�cient D � N � 1. It turnsout experimentally
that this extremelysimplemodelprovidesanexcellentdescriptionof polymerdynamics,
providedthat thechainsareshortenough.Measurementsof � 15 aswell asNMR25,26and
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neutronspin-echoscatteringexperiments27 whichprobethemotionof themonomersagree
to that.Resultsfor moleculardynamicssimulationsonshortchainsalsoagreesurprisingly
well. For shortchains,it turnsout that the noncrossabilityof the chains,aswell as the
chainnatureandchemicalstructureof the surroundingof eachmonomermostly affects
the prefactorsin the diffusion coef�cient throughthe monomericfriction coef�cient � .
Why theseeffectsaverageto suchasimplecontributionstill is notunderstood.

3.2 EntangledChains

For chainswhichsigni�cantly exceedthelengthNe, themotionis sloweddown drastically.
Clearestevidencefor this slowing down comesfrom thediffusionconstantD 14,28,29. For
N � Ne,

D � N � 2 : : : N � 2:4 (17)

Several forms for the prefactorof D have beendiscussedin the literature. Similarly
theviscosity� increasessothat

� � N 3:4 (18)

comparedto N for shortchains. In the reptationtheory the motion of the chainsis
viewed as Rousemotion of chainsin a tube of diameterdT , which follows the coarse
grainedbackboneof thechain. Sincethechainis modelledasa randomwalk, forcesat
theendshave to keepa tubecontourlengthL T � N . In theoriginal conceptthe tubeis
�x edandthechainhadto completelymove out of the tubeto relax its conformationand
any stresslinked to the conformation. All othermeansof relaxation,suchasconstraint
releasedueto chainendsor �uctuation effectslike contourlength�uctuationsof thetube
modify thisschemeonly somewhatquantitatively, but donotalterthequalitativepicture.I
thuswill herediscussthesimplestcaseonly1.

For short time scalesthe motion of the monomerscannotbe distinguishedfrom that
of theRousemodel,themotionof themonomeris isotropicandg1(t) � t1=2. Only after
themotionreachesa distanceof theO(d2

T � hR2(Ne)i ) theconstraintsfrom thetubeare
showing up. Thecorrespondingtime is theRousetimeof asubchainof N e beads,namely
� e � N 2

e . After this time themonomerscandiffusealongthetubeonly. By this forward
andbackwardmotion,thechainexploresnew spaceandslowly destroys theoriginal tube.
Thecontourlengthof the tubeL T canbeestimatedto L T � dT N=Ne � N=N 1=2

e . For
t > � e, thechainperformsessentiallya onedimensionalRousemotionalongtherandom
walk like tube turning the t1=2 power law for g1(t) into a t1=4 power law. However,
after the Rouserelaxationtime � R , the monomershave only moved a distanceof order
L 1=2

T � L T for N � Ne. Following this regimetheoveralldiffusionalongthetubegives
asecondt1=2 regimefor themotionin space.Theretheelementalstepis thedisplacement
of a polymer chain along its tube. The longestrelaxationtime is the meanlifetime of
the tube. The initial tubewill be destroyed whenoneof the segmentshasvisited O(N )
different contiguoussites. This requiresa time � d � N 3=Ne. In this time the chain
hasmoved a distancecomparableto its own size, thereforethe diffusion constantD is
expectedto scaleasN � 2. Thetheorypredictsthefollowing generalpower-law sequence
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for themean-squaredisplacementin space,g1(t):

g1(t) �

8
>>>><

>>>>:

t1; t < � 0;
t1=2; � 0 < t < � e � N 2

e ;
t1=4; � e < t < � R � N 2;
t1=2; � R < t < � d � N 3=Ne;
t1; t > � d

(19)

which is shown schematicallyin Fig. (3). For themotionof thecenter-of-massg3(t)
oneexpects

g3(t) �

8
<

:

t1; t < � e � N 2
e ;

t1=2; � e < t < � R � N 2;
t1; � R < t

(20)

Thesepower laws areschematicallyindicatedin Fig. 3 Direct experimentalevidence
for theseintermediatetime regimeshasbeenseenNMR anddiffusionof polymersat an
interface,howeversimulationswerethe�rst to observethecrossover into thet 1=4 regime3.
Indirectly thetubecon�nementis alsoseenby scatteringexperiments.

Figure3. Schematicplot of themean-squaredisplacementfor a monomerin theRouseandthereptationmodel.

Thereducedmobility alsoaffectstherelaxationof thelong-wavelengthmodesXp. The
relaxationtimeof modep, with N=p > Ne is enlargedby a factorof N=Ne, giving

� p;R ep =
N hR2i

p2

�
� 2kB T

N
Ne

= � R �
N 3

3p2 �
N 3

p2 (21)

The plateaumodulusG0
N which wasat the beginning whenthe similaritiesbetween

melts and networks have beendiscussed,is determinedfrom rheologicalexperiments.
Within the reptationmodel, it is relatedto the tube diameterdT = hR2(Ne)i 1=2 and
thus Ne via G0

N = 4
5

�k B T
N e

. The prefactor 4/5 arisesfrom tube length �uctuations,
which allow for a somewhat more ef�cient relaxationunderdeformation,which is not
thecasefor networks.Thetypicalasymptoticpropertiesareagainsummarizedin thetable:
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RouseRegime ReptationRegime
N < Ne, M < M e N � Ne, M � M e

Diffusion D / N � 1 D / N � 2

RelaxationTime � R / N 2 � d / N 3

Viscosity � / N � / N 3

ModulusGo
N Go

N = 0 Go
N / kT

N e

(t � � d)
It is oneof thecentralcurrentresearchtopicson entangledpolymersystems,how to

determineNe uniquelyandhow thisactuallyquantitatively determinesGo
N . Beforewego

into thatwediscussshortlytheconnectionto classicalnetwork elasticity1,15,30. For thiswe
gobackto therandomwalk statisticsof thechainsandtheideaof theRousemodelthatan
individualchainexperiencesall its surroundingonly asaviscousbackgroundnotaffecting
theconformationsatall. For thiswestartwith theprobabilitydistributionof chainends:

P(R ) =
�

3
2� L` K

� 3=2

exp
�
� 3R2=2L` K

�
(22)

Sinceno speci�c inter-chaininteractionsareconsidered,P(R ) is theprobabilityof a
chainin ameltor astrandbetweentwo crosslinksin anetwork to beseparatedby avector
R . The total numberof possibleconformationswith a separationof R is the fraction

( R ) = 
 tot P(R ) of all randomwalk conformations.This de�nes the entropy for a
givenR as

S = kB `K 
( R ) = const � 3kB R2=2L` K (23)

with theenergy U = 0 (chainis viewedasa freerandomwalk)

F = U � TS =
3kB R2

2L` K
(24)

for the conformationdependentcontribution to the free energy of a chainwith �x ed
endpositions.This leadsto anentropicforce

f = �r F (R ) = �
3kB T
L` K

R (25)

theforceof alinearelasticspring.Thewholechainactslikeabondin theRousemodel.
A randomwalk ata temperatureT is aHookeanspringwith springconstant� T=N . This
almosttrivial fact is thebasisof all theoriesof network elasticityaswell asa basisfor the
view of theRousechainto beastringof beadswith linearelasticspringsin between.No let
usassumea perfectnetwork with thecrosslinks�x edin space.Underdeformation� they
move af�nely with the macroscopicdeformationof the box. Thenthe force contributed
from eachnetwork strandis

f = �
3kB T
L` K

�
� � 1

�
R (26)

Eachchain contributeswith a force constant3kB T
L` K

to the restoringmodulusof the
system.Sincethereare�=N chainsperunit volumepresent,we canusethis to estimate
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thestressin a givenvolumeelementof volumeV = B 3. Theprobability thatonechain
cutsa planewith index j (j = 1; 2; 3) is just R j =B. The force componenttransmitted
throughthis planecontributesfrom this subchainto 3kB TRi Rj =L` K B 3. Summingover
all strandspassingthroughour testvolumeandreplacingR i Rj by theensembleaverage
hRi Rj i themicroscopicstresstensor� ij reads

� ij =
3kB T�
L` K N

hRi Rj i (27)

In analytictheorynow usuallya continuouspathis takenfor thechainandthentaking
the crossover to an in�nitely small volumeelement,usingL = ` � N andfor small N :
Ri =N � @Ri =@N onegetsfor thestresstensor

� ij =
3kB T�

`` K

�
@Ri

@n
@Rj

@n

�
(28)

Transformingfrom the beadindex to the contour index s and taking the statistical
segmentlength(`` K ) into account,this rewritesto

� ij = 3kB T
�
N

h
@r i

@s
@r j

@s
i (29)

for themicroscopicformulationof thestresstensorin a polymermelt or network. In
theaf�ne picturethisyields

G = kB T�=N (30)

In networksa varietyof modi�cationsareintroduced.Theabove equationassumesan
af�ne deformationof the whole system.This certainlyis not the case! In an alternative
approachthepositionsof thenetwork beadsat theboxsurfaceare�x edandthewholerest
is only subjectto connectivity constraints.In this phantomnetwork modelthemodulusis
somewhatreduced.In general,disregardingany entanglementcontributiononecanwrite

G =
�k T
N

[� � h� ] (31)

where� is thenumberof active strandsin a network (no closedloopsendingin thesame
point, no free ends...) and � is the numberof crosslinks. The quantity 0 � h � 1
interpolatesbetweenthetwo modelsandis oftentakenasanadjustableparameter.

In thecaseof very long chains,N � Ne sothat thesimpleRousemodelassumption
thatthechainsor strandsactasnon-interactionrandomwalksahierarchy of modelstrying
to identify constraintshasbeenintroduced.They rangefrom theconstraintjunction�uctu-
ationapproachof Flory all thewayto thetubemodel.Ideasalongtheselinesareemployed
to understandthespatial�uctuationsin randomlycrosslinkedsystemsunderstrain.Taking
all this onecanview thestrandsin theEdwardstubeasa continuationof entropicsprings
of lengthNe, which leadsto15

Go
N =

�k B T
Ne

(32)
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for networksandtakingadditionalrelaxationmechanismsinto account

Go
N =

4
5

�k B T
Ne

(33)

for melts.This is theformulacommonlyusedto determineN e from measurementsof
theplateaumodulus.A typicalexamplein givenin Fig. (4).

Figure4. Experimentaldeterminationof thefrequency dependentmodulusG0(! ) of polystyrenemeltsfor many
differentchainlengths,from1

Consideringthepreviousdiscussionsimulationsnowadaysdonot focusthatmuchany
moreon thequestionwhetherentanglementsexist andwhetherthey arerelevantbut more
ontheirconsequencesandontheproblemof how to quantifythemproperly. Typical topics
are:

� Crossover to asymptoticpower laws for � andD, whatadditionalrelaxationmecha-
nismsexist andwhatkind of additionalconstraints,mechanismsmightslow down the
diffusion?

� How andwhy dodifferentmeasurementsof Ne giveratherdifferentresults?Whatever
arethelinks betweendifferentexperimentalobservations?

� Whataretheeffectsof dilution and/orsolventquality in semidilutesystems?

� Whatdoesthetube“look like”?

� Tube deformationand tube relaxation,quantitative and qualitative differencesbe-
tweennetworksandmelts

� Swellingbehavior with andwithout thein�uence of charges(polyelectrolytegels).

� Polydispersityeffects,mixturesaswell asthein�uence of branchedadditives

� Structurepropertyrelations,canwe predictNe from the chemicalstructureof the
polymeror any staticmeasurement?

This list is notcomprehensive,but it showsthattheconsensusthatentanglementsdom-
inatemany crucialpropertiesis not really theendof a longdevelopmentbut ratherde�nes
many new researchopportunities.To follow this by simulationwe �rst have to describe
how to prepare“good” initial states.
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3.3 Simulation Models,Equilibrated Melts

Most of the following will be discussedfor a freely jointed beadspringchain. The ex-
tensionto othermodelsis straightforward10,31,5. To studyentanglementeffectsonecan
constructspecialmodelsituationsandstudythose.However moreinformationapplicable
to experimentcanbegainedby studying“well equilibratedsamples”.A varietyof meth-
odsto generatethosehasbeendiscussedin otherchapters.Themostdirectway would be
to setup a systemin an arbitrarystateandequilibrateby runningit for a few relaxation
times. This however would needCPU time which by itself is of at leastof the orderof
the runningtime of the whole project. Employing standardMD onetypically canreach
around(2 � 4) � 105 particlestepsper secondon a singleprocessor. A typical (large)
time stepis about10� 2 � for a denseLennardJonessystem(seebelow). For thatsystem
with � e � 2000� (estimatedfrom the meansquaredisplacementof inner beads,taking
thestressrelaxationaftera stepstrain� e is estimatedcloseto 10000� ), oneneedsabout
(2 � 5) � 104 stepsor at leastonesecondof CPUtimeperparticleto reach� e

32. Thinking
of aboutM = 100 chainsof N � 800, about10Ne, a systemjust big enoughto com-
petewith typical modernscatteringexperiments,for thefully �e xible beadspringsystem
de�ned below, we get � D � � e � (N=Ne)3 = 103� e, equivalent to 103 secper particle.
Thustheabove systemon a singleprocessorwould requireat leastM � N � 103sec, more
than20000hours.Modernparallelsystemsreducethis time signi�cantly, however, more
complex models,suchassemi�exible chainsor modelswhich morecloselyresemblethe
atomisticstructureeasilyincreasethetime by severalordersof magnitudetime. For typ-
ical all atommodelsonecanestimatetheincreasein CPUtime roughlyby thefollowing.
Takingaboutthesamenumberof monomersfor oneentanglementmolecularweightN e

(which is typically not enough)onecanmultiply theabove time by thenumberof atoms
per monomer(e. g. 4 for PE and16 for PS...) andthe averageratio of the integration
time steps,which is between103 and104. To reachthesamerelaxation,about104 - 105

timesmoreCPU time is needed,which is beyond reach. This estimatedid not take into
accountthetypically highercomplexity of theforcecalculations!Thesenumbersillustrate
thatthecomputersof thenearerfuturealsowill not solve theproblem.Also, thetendency
to reachhighcomputingpowerby increasingthenumberof processorsis nothelpfulsince
our systemsaremoderatein sizebut needlong time runs.To studyin very detail the�nal
dependency of the elasticresponseof a system,onewould needroughly 20 N e andrun
that systemfor a time � � � e andeventuallycloseto � d. Fortunately, for equilibration
therearewaysout. However, this requiresa solid knowledgeof theaverageequilibrium
conformation33. In a melt or densesolutionsthechainsassumerandomwalk statisticsfor
all contourlengthsL � lk . Oncea “sample” which reachesthe asymptoticregime is
available,onecanusethis asa referencestateeven for muchlongerchains. Valuesfor
internaldistances,h� r 2

ij i , have to fall on a generalmastercurve. Therearetwo typical
options,internaldistancesor thechainform factor. For the internaldistancesh� r 2

ij i one
�nds

h� r 2
i � j i /

�
j i � j j2 j i � j j ` < `k

j i � j j j i � j j ` � `k
(34)

For distancesr � l beyondthelocalsphereor beadpackingthecrossoverbetweenthe
two regimesis approximatedby theworm likechainmodel:
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h� r 2
j i � j j= n i = nl 2

 
1 + hcos� i
1 � hcos� i

�
1
n

2hcos� i
�
1 � hcos� i n

�

�
1 � hcos� i

� 2

!

(35)

wheretheasymptoticprefactoralsois referredto as

c1 =
1 + hcos� i
1 � hcos� i

: (36)

with hcos� i theaveragebondangle“measured”betweensubsequentbonds.Thisfunc-
tion hasto be determinedin a completesimulationof shorterchains. Thus in a melt a
systemspeci�c masterplot givesh� r 2

ij i =l j i � j j vs l j i � j j thecorrespondingcontour
length.A characteristicexampleis givenin Fig (5). This shows characteristicdeviations
from thetheoreticallyexpectedcurve for smalldistances,wherethebeadpackingis domi-
nant.For largerdistances,themore�e xible chainsstill show signi�cant deviations.There
theapproximateformulaof Eq. (5) is only usefulasageneralguide.
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Figure5. Normalizedinternaldistancesfor differentchainlengthsfor a standardbeadspringLJ polymer, for
different`K rangingfrom about`K = 1:7� to3:3� . From33

In asimilarwayonecanapplytheanalysisof thechainform factorS(k)

S(k) =
1
N

*

j
NX

j =1

ei k r j j2
+

j k j

(37)

wheretheindex j k j denotesasphericalaverage.In amelt one�nds

S(k) /

8
>><

>>:

N (1 � 1
3 k2hR2

G i ) 2�
k � hR2

G i
k� 2 2�

` k
� 2�

k � hR2
G i

k� 1 2�
` < 2�

k < 2�
` k

O(1) 2�
k > 2�

`

(38)

Besidesthe initial decaytheform factordescribesonecharacteristic,chainlengthin-
dependentcurve. Fig. (6) showsa typicalexample.

Oftentheso-calledKratky plot, k2S(k) vs k, is shown. Deviationsfrom slopezeroin
thek � 2 regimeareeasilyto detect,evenby eye. Thishelpsfor aquickcheck.Masterplots
of S(k) or h� r 2

ij i canbeusedto controltheequilibrationof melts.
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Figure6. Chainform factorS(q)vs q for fully �e xible LJ chainsin a melt. Chainlengthsrangefrom N = 25 to
N = 350.For �ts theDebyefunctionwasused.Thestraightline indicatesa slopeof q� 2 , from34

3.4 Preparing an Equilibrated Melt or Network, Speci�c Systems

A ratherstraightforward approachis to run a systemby a reptationor slitheringsnake
algorithm.Thisbeatstheslow realisticdynamicsby abit morethanO(N ), however, is not
reallyapplicablefor densecontinuumsystems.For semidilutesolutionsor latticepolymers
at moderatedensitiesand for moderatechain lengthsthis however is very appropriate.
For densecontinuumsystemsaswell assystemswith realisticchemicaldetailssuchan
approachfails. Thestrategy wemeanwhilefollow is asfollows33:

� Simulatea melt of many short,but long enoughchains(N ` � ` K ) into equilibrium
by aconventionalmethod

� Usethis melt to constructthemastercurve or target functionfor themeltsof longer
chains(cf. Fig. (6))

� Createnon reversalrandomwalks of the correctbondlength,which matchthe tar-
get functionclosely, especiallyat the longerdistances.Introduce,if neededbeyond
the intrinsic stiffnessof thebonds,stiffnessvia a suitablesecondneighborexcluded
volumepotentialalongthechain. (This might bea bit larger thantheoneof thefull
melt!)

� Placethesechainsasrigid objectsin thesystemandmove themaroundby a Monte
Carlo procedure(shifting, rotating,inverting...,but not manipulatingthe conforma-
tion itself) to minimizedensity�uctuations

� Usethisstateasstartingstatefor melt simulations

� Introduceslowly but not too slowly the excludedvolumepotentialby keepingthe
shortrangeinteraction,takingcarethat in thebeginning the chainscaneasilycross
eachother(seebelow)

� Run until the excludedvolumepotentialis completelyintroduced.Control internal
distancespermanentlyto checkfor possibleovershoots,deviations.

� Eventually supportlong rangerelaxationby so called end bridging35,36 or double
pivot moves
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Independenton thedetailsof theprocedures,it is importantto continuouslycompare
theactualstructureto themasteror targetcurves. Ref.33 alsodemonstratessometypical
deviationsfrom themastercurveasthey canoccurduringthesetup.

As an exampleI now discussthe above stepsalonga recentpublication33 on simple
beadspringchains37,38. An extensionto otherchainsis straightforward. We consider
beadwith a unit mass.All beadsinteractvia a purelyrepulsive LJ potential,to modelthe
excludedvolumeinteraction.

Ur
LJ =

�
4�

�
(� =r)12 � (� =r)6 + 1

4

	
r � r c

0 r � r c
(39)

with a cutoff r c = 21=6� . The beadsareconnectedby a �nite extensiblenon-linear
elasticpotential(FENE)

U( r )
F E N E =

�
� 0:5R2

ok`n (1 � (r =Ro)2) r � Ro

1 r > Ro
(40)

in addition to the LennardJonesPotential. The parametersare usually taken as
k = 30�=� 2, Ro = 1:5� in melt simulations. The temperatureT = �=k B andthe ba-
sic unit of time is � = � (m=� )1=2. Volumeandtemperaturearekeptconstatandthebead
densityis � = 0:85� � 3. The temperaturewaskeptconstantby couplingthemotion to a
Langevin thermostat.An alternative, which doesnot screenhydrodynamicsis the DPD
thermostat(cf. contribution by B. Dünweg). Theaveragebondlengthwith theseparame-
tersis h̀ 2i 1=2 = 0:97� . Chainsof N beadseachareconsidered.b

For this modelin a melt of density� = 0:85� � 3 thebondlengthis hl2i 1=2 = 0:97�
with c1 l2 = l lk = 1:7� 2. Since,in our case,thereareno torsionalbarriers,themonomer
packingrelaxesquickly. It locally dependsvery sensitively on the ratio of bond length
to effective excludedvolume of the beads. Both do not allow any conclusionfor the
overall relaxationof the melt. The local packingonly characterizesan equilibrationon
thesmallestlengthscaleconsideredandverysmallsystematicdeviationson thatscalecan
leadto signi�cant deviationsfrom equilibriumat thelargelengthscalesontheorderof the
chainextension.For this systemchainsof N = 350beads(which wasnot really needed
in thatcase)wereequilibratedby bruteforcesimulationsrunningin thebackground.Fig
(5) alsoincludessomedatafor stiffer chains.Fromthesedatawegetthetargetfunction:

hR2(j i � j j; N )i = j i � j j/ `` k ; j i � j j ` � `k (41)

Having this referencestate,wecanproceedasmentionedbefore.Thecrucialstepsare
thelasttwo. To introducetheexcludevolumeweproceedasfollows:

1. Usea force-capped-Lennard-Jones-potential

2. increasethepush-off time to make theprocedure“quasistatic”.

bIn additionabendingstiffnesscanbeintroducedvia aneffectivethreebodyinteraction.With cos� i = (r̂ i;i � 1 �
r̂ i;i +1 ), with r̂ i;i � 1 = (r i � r i � 1 )= j r i � r i � 1 j and accordinglyr̂ i;i +1 the bendingpotential reads
Ubend (�) = k� (1 � cos�) By variationof k � themodelcanbetunedfrom very �e xible to verystiff.
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Theforcecappedpotentialweusereads:

UFCLJ (r ) =
�

(r � r f c) � ULJ
0(r f c) + ULJ (r f c) r < r f c

ULJ (r ) r � r f c
(42)

In thepresentcase,r f c is graduallyreducedfrom theLennard-Jonescut-off radiusr c =
21=6� to 0:8� which is signi�cantly smallerthan the relevant interparticledistances,as
illustratedin Fig. (7).

Figure 7. Illustration of the “force capped”LennardJonesinteractionusedto introducestepby stepthe full
excludedvolumeof thechains.

Force-cappinghastheadvantagethatthis form of thesoft potentialsystematicallyap-
proachesthe true potential. The typical time we usedto introducethe full potentialwas
about50000� , which is of theorderof twice theRousetime of a chainof N=100beads.
Sucha procedurerelatively safelyequilibratestheinternalconformationsof thechainsas
Fig. (8) shows. Theretheresultsof a too fastanda properpushoff procedureareshown
for illustration.Thetoo fastintroductionshows thecharacteristicovershootof theinternal
distancesfor smalln. It is howeveralsooftenratherimportantthattheaverageendto end
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Figure8. Meansquareinternaldistancesfor chainsof lengthN = 25 (+), 50 (x), 350(*) and7000(� ) for a too
fastpushoff procedure(a)andtheslowerversionasdescribedin thetext (b), from33.

distanceis closeto thedesiredvalue,even thoughtheoverall numberof chainsmight be
relatively small.Thenmethods,whichbreakandrecombinechains,calledthedouble-pivot
or bridgingalgorithmsareused.Notethatthey veryeffectively relaxandmanipulatelarge
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distances,however affect small scalesonly extremelyslowly! Having preparedmeltsby
theabove procedurewe now caneitherperformstandardsimulationsto studythemelt or
crosslinkthemin orderto createnetworksby differentmethods.

Thepreparationof networksdeservesanothershortcomment.Intheliteratureanumber
of differentcrosslinked systemshasbeenstudiedextensively34,39–43. A typical rangeof
systemsin illustratedin Fig. (9)

Figure9. Typicalcrosslinkedsystemsrangingfrom randomlycrosslinkedmeltsvia variousversionsof endlinked
polymernetworksto theidealizedlatticestructuresystemsandthetheorist'sdreamof an“olympic gel”

Therandomlycrosslinkedsystemcertainlyis closerto experimentshowever encoun-
tersmany dif�culties39. Especiallythe danglingchainendscausethe relaxationto slow
down dramatically(Thetime grows exponentially!),becauseit is linkedto a retractionof
thearms.Sucheffectsarealsoknown from othersituationswherebranchedpolymersplay
an importantrole2. In addition the disorderor �uctuations arequenched.Thussimply
runninga systemlongerdoesnot improve thedatain comparisonto experiment.For this
onewould need“many” mediumsizedsystemsor singleextremelylargeones.Thuswe
mostlystick to meltsin thefollowing.

3.5 EntanglementAnalysis: Melts and Networks

In the following I will give a few examplesof numericalexperimentsfor melts and in
somecasesnetworksaswell. The �rst almosttrivial questionis, whetherthe tubeexists,
thechainmotion is con�ned andwhetherthenoncrossabilityclearlymakesa difference.
Experimentallythedeterminationof con�nementis somewhatindirectanddoesnoteasily
reveal theshapeof thecon�ning volume. Heresimulationsoffer a uniqueway of visual
inspectionof thechaindisplacements.Todosoonesimplycanplot theinitial conformation
of thechainandon top of thatsubsequentconformations.This is shown in Fig. (10) for
network chains.

From other investigationswe know that 35 < Ne and 100 > Ne, which is nicely
con�rmedby thepictures.Dependingontheview ontotheinitial conformation(thetypical
conformationof a randomwalk is a �attenedthick cigarwith a ratioof principalmoments
of inertiaof R2

11 : R2
22 : R2

33 :�= 11:8 : 2:5 : 1) oneclearlycanidentify thecon�nement.
Thediameterof thecon�ning tubeactuallynicely �ts resultsfrom earliersimulationson
the meansquaredisplacements.In a similar way one can also visualizethe motion in
polymermelts. There,however, dueto a continuousreleasein thenumberof constraints,
this for shorterchains,is moredif�cult to visualize.Thusoneusesa smalltrick. Whatwe
now plot is not thebareconformation,but thebackboneof thestaticallyaveragedchain
contour, namely
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Figure10. Time evaluationof theconformationof chainsin anendlinkednetwork of functionalityf = 4,N =
100, whereall network strandshave thesamelength.Thechainsare,for clarity shown without thenetwork. The
indicatedtubediameterwasdeterminedin anindependentmelt simulation,from40.

R i =
1

n + 1

i + n= 2X

j =1 � n= 2

r i (43)

This smoothensthe contourandby a properchoiceof n shouldbe closeto the back
boneof thetube.Heren = 35 wasused.Thesecontourscanthenbeplottedvs time and
comparedto a differentsystem,wherethechainscaneasilycrosseachother. For thefull
LJ interactionthebarrierheightis around70kT. Onecanintroducea potential,wherethe
chainscancut througheachother, but the pressure,hR2i andthe beadfriction � remain
unchanged.Thesetwo systemsarecomparedin Fig. (11) for chainsof N = 350. While
thecon�nementis notaseasilyvisibleasfor thenetworks,thedifferencebetweenthetwo

Figure11. Time evolution of thecoarsegrainedbackboneof thechainsfor a melt of N = 350beadchainsfor
timesup to theRousetime � R . The left panelshows chainswith the full excludedvolume,while for the right
panelthecrossingbarrieris only a few kT, from34.

casesis striking,andnicelysupportsthetubeidea.
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Another direct test which shows the relevance of the noncrossability of the
chains/network strandsis shown in Fig. (12) For thesenetworks with diamondlattice

Figure12. Elongateddiamondlatticenetworks,wheretheonly sourceof disorderarerandomlinks betweennet-
work loops.Thestrandsarecoloreddueto their stretching(similar to thestressthey carry)from smallstretching
(blue)to strongstretching(red).From3

connectivity wereprepared.In orderto �ll spacewith theconditionthat thestrandsobey
randomwalk statisticsseveral interpenetratingnetworksareneeded.This is thesourceof
randomlinking of thedifferentsubnets.By this, “short topologicalpaths”throughthenet
arecreated,whichunderstrongelongationcarrymostof thestress.Notethatin thisspecial
exampleall “short chemicalpaths”have thesamelength.

After theseintriguingpictureswecanmoveto thedataanalysiswhichdemonstratesthe
con�nementnotthatdirectly, howeveris morecloselyrelatedto possibleexperiments.The
�rst to look at is themeansquaredisplacementof themiddlebeadsandthechains.Many
studiesonthishavebeenperformed38,44–47, for anoverview see3 andcomputersimulations
actuallywerethe �rst to observe the slowing down of the motion clearly38,48. Fig. (13)
shows resultsfrom a systemof fully �e xible polymers. More complicatedmodelshave
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Figure13. Meansquaredisplacementsg2 (t ) (opensymbols)andg3 (t ) (closedsymbols)for chainlengthN =
350 (� ), 700(� ) and10000 (4 ). Thestraightlinesshow power laws asguideto theeye. Thelocal reptation
power lawsg2 (t ) / t1=4 andg3 (t ) / t1=2 areveri�ed with remarkableclarity32.
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beenstudiedby Faller andMüller-Plathe49,50 and45 for instance.Fig. (13) shows that the
expectedpowerlawsarereproducedwith aremarkableaccuracy. Fromthisatubediameter
of 7� � dT � 8� canbededuced,correspondingto anNe of aboutNe � 30, which is
verysmall.To checktheoverall consistency theonsetof thet 1=4 regime,theg1; g3 values
at that time etc. areanalyzed.In all casestheresultsroughlyagree!Experimentsalsoby
now areableto analysethe chainmotion directly anddisplaythe expectedpower laws.
They however typically only cover a too small time window. To overcomethis problem
ratherdifferent temperaturesareemployed. It shouldhowever be notedthat the shift in
temperaturenot only affects the ratio kB T=� but via conformationalchangesalso Ne!
Heresimulations,despiteof theirmany shortcomingsarestill superior.

Anotherimportantexperimentaltechniqueis theneutronspinecho(NSE)method27. In
NSEexperimentsthemotionof thesegmentscanbeobtainedby measuringtheexpectation
valueof thetime-dependentsingle-chainstructurefunction

S (k; t) =
1
N

X

i;j

hexp(ik � (r i (t) � r j (0))) i : (44)

For reptatingchainsdeGennescalculatedanexpressionfor S(k; t) neglectingtheinitial
Rouse-likemotion51. In recentsimulationsaslightlymodi�ed versionisapplied52,53 which
is identicalto deGennesresultwhena Gaussianmodelof thetubeis explicitly assumed.
We usedthis formula togetherwith a correctionfor very long times (however, for the
experimentalNSEresultsor ourpresentsetof datathismodi�cation maybeneglected):

S(k; t)
S(k; 0)

=
n�

1 � exp
�
� (kd=6)2� �

� f
�

k2b2
p

12W t=�
�

(45)

+ exp
�
� (kd=6)2�	

�
8

� 2

1X

p=1 ;odd

exp
�
� tp2=�d

�

p2 ;

wheref (u) = exp(u2=36)erfc(u=6). Note, that thederivationof deGennesdoesnot
take into accountchainendeffectsand thus the above formula may only be appliedin
a narrow rangeof k-space 2�

R G
. k . 2�

dT
. Also sincethe initial Rouse-motionis not

explicitly described,this formula only appliesfor t > � e (The short time motion only
entersthroughtheinversefriction coef�cient W = kT =� `` K ).

Whatone�nds thereis a ratherstrongdependency of chainlengthN or thevalueof
dT deducedfrom theplot. Evenfor N = 10000one�nds Ne signi�cantly largerthanthe
resultfrom themeansquaredisplacements.Thoughtheseare,to my knowledge,thebest
dataavailable,theremight be someproblemswith the statistics(N = 10000). Note that
for thesedatatheconformationsof thelongestchainswerenot preparedby theprocedure
discussedbefore,while all theshorterchainssimply ranlongenough!

The standardexperimentalmethodto determineNe;p (for clarity we index Ne deter-
minedfrom theplateau-moduleswith an additionalindex p) is by measuringtheplateau
modulusunderoscillatoryshear15,1. Alternatively, it is alsopossibleto measurethenormal
stressdecay� N (t) in a stepstrainelongation. Sincethelatter is muchsimplerto perform
in a simulation,volumeconservingstepstrainrunswereperformedfor four differentam-
plitudes� = 1:25, 1:5, 1:75 and2:0. The normalstresswas� N wasdeterminedby the
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Figure15. N e asafunctionof theKuhnlengthof thechains̀ k determinedfrom themeansquaredisplacements,
thescatteringfunctionandthemodulus.

microscopicvirial-tensor. The plateau-valuesof the stresswere�tted to the stress-strain
formulasfor classicalrubberelasticity(CRE)55 � N = G

�
� 2 � 1

�

�
andto the Mooney-

Rivlin (MR) formula56 � N = 2G1
�
� 2 � 1

�

�
+ 2G2

�
� � 1

� 2

�
to determineG0

N . MR gives
G0

N = 0:0105kB T� � 3 while CREgivesG0
N = 0:008kB T� � 3. It is known experimen-

tally thatMR slightly overestimatesthemoduluswhile CREalwaysunderestimatesit. The
standardformula1 to calculateNe;p ,

G0
N =

4
5

�k B T
Ne;p

; (46)

givesNe;p � 65 for the MR �t andNe;p � 80 for the classicalformula. Both values

162



0.01

0.1

1

0.1 1 10 100

D
(N

)/
D

R
(N

)

N/Ne,p

slope  -1

Figure 16. Scaleddiffusion constantD (N )=DR (N ) vs. scaledchain length N=N e;p for polystyrene(� )
(M e;p = 14600, T = 485K ), polyethylene(� ) (M e;p = 870, T = 448K ), PEB2(N) (M e;p = 990,
T = 448K ), thepresentbeadspringmodel(4 ) (N e;p = 72), thebond-�uctuationmodelfor � = 0:5 (� )
(Ne = 30) andtangenthardspheresat � = 0:45 (� ) (N e = 29). All dataarescaledwith N e;p from theplateau
modulusor with 2:25N e from g1 (t ). From32

aremuchhigherthanour previous estimate,Ne = 32. From a theoreticalpoint of view
this discrepancy might not berelevant,sincetheprefactorsin thereptationmodelarenot
rigorouslydetermined.For practicalissues,however, like comparingresultsfrom various
experimentsandsimulationsthedifferenceis relevant.

At this point we canconcludethatwe areableto clearlyobserve anddemonstrateen-
tanglementeffects. However the differentvaluesoriginatingfrom differentexperiments
prohibit to giveanoverallconsistentpicture.Fig. (15)showstheoutcomeof suchinvesti-
gationsasweplot theentanglementmolecularweightasafunctionof stiffnessfor different
“experimental”tests.This illustratesthatonehasto decideononede�nition of N e. Taking
theoriginal discussionon thechaincon�nements,the resultstaken from themodulusbe
takenasa referencestate.If donelike this, onecanusethis to scaleothermeasurements.
Fig. (15)showsthescaleddiffusionconstantsfor avarietyof experiments.Theactualdif-
fusionconstantD(N ) is normalizedby thehypotheticalRouseregimediffusionconstant
DR (n) asit canbeextrapolatedfrom shortchainsimulationsor experiments.However, ut
shouldbenotedthata similar plot employing e. g. S(k, t) will leadto different�ts for N e

for differentpolymersor modelssystems.

3.6 Structure and Property Relations

Thougha generalpictureemerges,thereis still theproblemof thestructurepropertyrela-
tion. Is therea way to predictNe or at leastonevaluefor a speci�c experimentbasedon
theconformations,meaningthechemistryalone?

We saw thatwith increasingstiffness,thevalueof Ne decreased,however, theratio of
thedifferentvaluesobtainedfrom themeansquaredisplacements,scatteringandmodulus
did not remainconstant.Also, themodulusalwayspredictedthelargestvalue.Thisseems
to hold for simplebeadspringchains,while therearechemicalsystemswherethis is not
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thecase.Polycarbonateasanexampleof a technicallyvery importantpolymer(e. g. for
compactdiscs)hasan Ne � 6 from the modulus,while the meansquaredisplacement
suggestsvia a scalingfrom Fig. (15) a valueof Ne � 1257. Obtainingjust onemeasure-
mentobviously is not suf�cient! Thusthereis a signi�cant needfor a predictive theoryor
ansatz,which determinesa valueof Ne from thechainconformations,which thencanbe
usedto predicttheotherquantities,especiallythemodulus.How differentN e, or M e re-
spectively is shown in thetable.A typicalambienttemperatures(notethattheM e depends
on temperaturejustastheoverall chainextensiondoes)oneobtainsthefollowing values:

PE PS PDMS BPA PC
(Polyethylene) (Polystyrene) (Polydimethyl-Siloxane) (Polycarbonate)

Ne 100 170 135 5 - 7
M e 1400 18000 10000 � 1700
Evenwithin oneclassof materialssigni�cant differencescanbeobserved,asindicated

in Fig (17). Theredifferentmodi�cations of polycarbonateareshown, which within ex-
perimentalaccuracy haveaboutthesameKuhnlength` K but ratherdifferententanglement
lengths,asindicated58,59.

Figure17. Structureof differentpolycarbonatemodi�cations,therespectiveentanglementmolecularweightare
Ne � 6; 10; 15 from top to bottom.

Theseresultsdemonstratea key problemfor a successfullink betweenthemorebasic
science,genericphenomena,orientedresearchand modernmaterialsscience. Our un-
derstandinghasto becomemorequantitative. This holds for many �elds in the science
of microscopicallyor nanoscopicallydesignedmolecularstructuresaswell as for more
conventionalbulk systems.Becauseof thehugerelaxationtimesa factorof 2 in the en-
tanglementschangethe viscosityalsoby a factorof 21:4 � 2:6 andsimilar reducesthe
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diffusionconstant.Uncertaintiesof this orderin predictionsarerelatively small,however,
areof signi�cant experimentalandtechnologicalrelevance.

Is therea way to understandthesedeviations as well as the sensitivity to chemical
structureandconformation?Overtheyearsseveralcriteriahavebeendevelopedto identify
entanglements.Onesetof publicationsdealswith ananalysisof thetopologicalstructure
of a network andrelatedapproximationsfor melts60. For this theproblemhowever is that
multi chain/ multi ring effectscanin all cases(Gaussintegrals,Alexanderpolynominals
...) canonly betakeninto accountup to a �nite order. How importantmany chaineffects
canbeis illustratedby Fig. (18) for anexampleof threechainsonly42,61.

Figure18. Constraintsbetweentwo chains(red,black)dependon thepresenceof the3rdchain.

In principleonewouldneedfor longchainsan“in�nite” hierarchy of suchinteractions.
On the otherhand,in order to observe Ne is dependenton N for N � Ne a constant
averagedensityof constraintsalongthe backboneof the chainis neededto provide the
tube. Iwata and Edwards61,62 tried to overcomethis by looking at the local valuesof
the Gaussintegral uponnumericalintegral. All this suggeststhat the local chain-chain
packingplaysa crucial role. Thereforrelatively early �rst attemptsweremadeto relate
Ne to thenumberof differentcainswithin thevalued3

T
63,64. All theseattemptswerenot

really satisfactory. More recentlya collectionof many moduli dataof differentpolymers
Fetterset al18,19 suggestthat themodulusis relatedto thesocalledchainpackinglength
p = N=� hRi , which is a goodmeasurefor the spatialpacking,in a way that G � p� 3.
Many polymersseemto follow thatwithin a � 20%corridor. This however still doesnot
explainhow this packingis ableto producetheentanglementmesh.BeyondthatEveraers
et al.20 just recentlyperformeda topologicalanalysisof a numberof differentpolymer
meltsanddensesolutions. They studiedsimplebeadspringchainsof differentstiffness
aswell assimpli�ed modelfor polycarbonate.In all casesthe dataof G0

N derived from
thetopologicaldeterminationof theprimitivepathandtheanalysisfrom analyzingnormal
stressdifferencesafter a stepstrainquantitatively agree. Thus it seemsthat (1) thereis
a way to relatepurely staticquantitiesto the moduluswith reasonableaccuracy and(2)
the tubemodelcanquantitatively be linked to a topologicalanalysisof the stateof the
melt. With this we arrive at the questionof the very beginning, namelyto what extent
doesthe fact that the chainsdo not passthrougheachother, in�uence the relaxational
propertiesof thesefascinatingultra soft solids or viscoelasticliquids. Basedon recent
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progressin various�elds extensionsto more complicatedsystemssuchas mixturesof
linear andbranchedpolymersor morestiff polymers,asthey canbe found in biological
systems,areunderway.

4 Summary

In the �rst part of this contribution certainaspectsconcerningthe dynamicsand stress
relaxationin polymer melts or networks, complementaryto the other contributionshas
beendiscussed.In additiontypical “measurements”to studyreptatingpolymermeltshave
beenmentioned. From this a basicingredientto study the dynamicsof polymer melts
andnetworks,namelytheequilibrationandpreparationof suitablestartingconformations
hasbeenpresentedin moredetail. This is a crucialconditionfor thenext step,namelyto
studyboththedynamicdevelopmentaswell astheconformationalpropertiesof asystem.
Thena few typical examplesof numericaltestsperformedover the last yearsillustrated,
whatcanbedoneby simulationsanddensemodelsystemsemploying modernnumerical
methodsandcomputers.
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